MASTER

Circles

and ellipses
Concept summary
Practice questions

20 Solve each of the following for z.
az—diz? 447~ 16i=0 b 7% = 3iz" + 7z - 21i=0
c P+ 22+ 5+ 10i=0 dz?—4i2 +3z-12i=0
21 a iIfP(z) =2 — (2 = 50722 + 3z + 15{ — 6 = 0, show that P2 — 5i) = 0.
ii Find all the values of z when P(z) = 0.
b i Given the equation P(z) = 2% + (=3 + 207> + 4z + 8 — 12 =0,
verify that P(3 — 2i) = 0.
ii Hence, find all values of z if P(z) = 0.
¢ iShow that -2 - 3/ is a solution of the equation
D+ 24302+ 57+ 10 + 15i = 0.
ii Find all solutions of the equation z* + (2 + 30)z% + 5z + 10 + 15i = 0.
d i1 P(z) =2 + (=3 + 4D + 25z + 100i ~ 75 and P(ai) = 0, find the value(s)
of the real constant a.
ii Hence, find all values of z if P(z) = 0.
22 Solve each of the following for z.
azt+52-36=0 bzt +42-21=0
¢ =372-40=0 dz*+92+18=0
23 a Given P(z) = 7% + a7’ + 3422 — 54z + 225 and P(3i) = 0, find the value of the
real constant ¢ and find all the roots.
b Given P(z) = 2% + 62° + 2927 + bz + 100 = 0 and P(=3 — 4i) = 0, find the
value of the real constant b and find all the roots.
24 a Given that z = =2 + 3i is a root of the equation
2:4 4+ 323 4 p22 — 77z = 39 = 0, find the value of the real constant p and all
the roots,
b Given that z = @i is a root of the equation z* + 62° + 41z% + 96z + 400 = 0,
find the value of the real constant a and all the roots.
25 Find a quartic polynomial with integer coefficients that has:

a 3iand 2 — 3i as the roots b —2i and ~4 <+ 3i as the roots.
26 Find a quintic polynomial with integer coefficients that has:

a —4i, | + 2i and —3 as the roots b 5i,3 — 5i and 2 as the roots.
Subsets of the complex ne: circles,
lines and rays

In previous sections, complex numbers have been used to represent points on the

Argand plane. If we consider z as a complex variable, we can sketch subsets or
regions of the Argand plane.

Circles

The equation |z} = r where z = x + yi is given by

Izl = V5% + % = r. Expanding this produces x? + y* = .
This represents a circle with centre at the origin and radius .

F
Geometrically, zl = r represents the set of points, or what is C e
called the locus of points, in the Argand plane that are at \J e(z)
\

Im(z)

1 g

¢ units from the origin.




Determine the Cartesion equation and sketch the graph of

WORKED
EXAMPLE® {z:]z +2 - 3i| = 4}.
THINK WRITE/DRAW
1 Consider the equation. 2= 3=
Substitute = = X - Vit
Wk vi+ 2= 3il=4
2 Group the real and imaginary parts. e+ 20 + ity = D = 4
3 Use the definition of the modulus. Vo + 0 ( v 3=

4 Square both sides. (v 2P k(v = 3 =10
The equation represents a eircie with centie &
(2. 3y and radius <

5 Sketch and identify the graph of the Im(z) 4

Argand plane.

Lines
If z = x + yi, then Re(z) = x and Im(z) = y. The equation aRe(z) + bIm{z) = ¢ where

a, b and ¢ € R represents ihe line ax + by = ¢.

Determine the Cartesion equation and sketch the graph defined by
(z: 2Re(z) — 3Im(z) = 6}.

HINK WRITE/DRAW

Consider the equation. SReltz) = Al =6

A - oy ovi then Retzd = vand hsto) =y,

This is o straight line with the Cartesian peptaion
Jv= v =,

2 Find the axial intercepts. When v (L Jv= 6=y =4
(O in the dotereept with the s

T,

ui! NN,

When v= G =3y = 0= y= -0

(0L 20y is the intercept with the imagingy RTINS
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2 Identify and sketch the equation. The eguation reprosents the fine 2v — Gy o= 0,

Im(%)_

T >
) %/3 4Re(z)

Lines in the complex plane can also be represented as a set of points that are
equidistant from two other fixed points. The equations of a line in the complex
plane can thus have multiple representations.

Determine the Cartesion equation and sketch the graph defined by

EXAMPLE {z:]z =21l = |z + 2[}.
THIMNK WRITE/DRAW
1 Consider the equation as a set of points. o= 2 = |+ 2
Substitate 7= x4+ vi

AT e S A

2 Group the real and imaginary parts together. v = 2] = i+ 23 + v
3 Use the definition of the modulus. Vit = 207 = Vil 27
1 4 Square both sides, expand, and cancel B AR S TG A g R
' like terms. — v o=y
5 Identify the required line. Vo -y
& Identify the line geometrically. The line is the set of points that s equidistant
from the two points (0. 21 and (=2, 0).
7 Sketch the required line. fm()

p

1 —

L

a0 A

3-2-10 | 2 3Re(2)

24

i L

-3
Y

Infersectiion of lines and circles

The coordinates of the points of intersection between a straight line and a circle can
be found algebraically by solving the system of equations. If there are two solutions
to the equations, the line intersects the circle at two_points. If there is one solution




equations, the line does not intersect
the circle.

curves in the
complex plane
Concept summary
Practice questions

stéuﬁym ‘ to the equation,‘the line and-the .circle .
R E— touch at one point, and the line is a .

' ' tangent to the circle at the point of b
contact. If there are no solutions to the :

WORKED
EXAMPLE

z Two sets of points in the complex plane are defined by S = {z: |z| = 5}
and T = {z:2Re(z) — Im(z) = 10}. Find the coordinates of the points of
intersection between S and T.

b Two sets of points in the complex plane are defined by § = {z: || = 3}
and T = {z:2Re(z) — Im(z) = k}. Find the values of k for which the line

through T is a tangent to the circle S.

THINK WRITE
a 1 Find the Cartesian equation of S. alf=3
Substitute o= v 4 v/
W xi] =5
2 Use the definition of the modulus. Vo v = S
3 Square both sides and identify the (1) 4 f v = 25
boundary of S. Sis acirele with centre at the origin and rudius 5.
4 Find the Cartesian equation of 7. Substittite o=y + i

Refzdb = vand Imizi = v
JRetz) - Itz = 10
(2) 20— v = 14

I is astraight line.

§ Solve equations (1) and (2) for x and y 20 v Iv = 10
by substitution. (1 a4+ Oy = [0 = 23
& Expand and simplify. A7 T = A0y 100 = 05
Syt = dOv 4 75 =0
S = dy o+ 15 =0
7 Solve for x. R L RN
[y — 3Hy — 3 =14
1= :'; Oy = 3’
& Find the corresponding y-values. From (20 vo= To = [,
when v =5 = v =10
and when v= 2= o=
9 State the coordinates of the two points of The points of hntersection are

intersection.

b ! Find the Cartesian equation of S. oll= 0
i

TuheHuie Do vk




2 Use the definition of the modulus. Vv

3 Square both sides and identify the (o 7=y
boundary of S. Sis a cirele with contre at the origin and rudius 5,
4 Find the Cartesian equation of 7. Substitute 7= vk i

Relzr = vand Imt) = v
2Retz) = Imioh = L

(2 20— v =

s straight Tine,

% Solve equations (1) and (2) for x and y (2) yom 20—k
by substitution. (o + Qv = =9
& Expand and simplify. A bt e R A =
Sy = e -9 =0
7 If the line through 7 is a tangent to The diseriminant & = 5 ~ dae = 0. where
the circle S, there will be only one =5 b= ~dkand ¢ = L7 -0,
solution for x. A= (b7 e d 5 (=)
= 16k7 — 20047 — Y)
= =k 4+ 150
= HAS — L)
3 Solve the discriminant equal to zero for k. 15 — &° =0
k Y )
. 9 State the value of & for which the line k= +3V3

L through 7 is a tangent to the circle S.

Rays
B Arg(z) = 8 represents the set of all points on the half-line  Im(z)
; or ray that has one end at the origin and makes an angle Arg(z) = 0

of @ with the positive real axis. Note that the endpoint, in
this case the origin, is not included in the set. We indicate
this by placing a small open circle at this point. o8

Lr

0 Re(z)

O WORKED Determine the Cartesion equation and sketch the graph defined by
! EXAMPLE . 7
Z Arg(z - 1+1) = e

THINK WRITE/DRAW

: 1 Find the Cartesian equation of the ray. Arglz - [+ 1) = __f:f
Substituie 7 =y + .vl.":
Argly +vi = |+ il = -0

I L ' 2 Group the real and imaginary parts. Arglly — 1) - v+ D = -’L:-




3 Use the definition of the argument.

4 Simplify.

5 State the Cartesian equation of the ray.

6 Identify the point from which the ray starts.

7 Determine the angle the ray makes.

& Describe the ray.

v 1 il
e = t;m( i
v— -y
=tfor vzl
VAl = ly = Tidor v )
yo= -y for x> 1.

The ray starts from the point (1, =1).
The ray makes an angle of == with the positive
real axis, N

The point (1. ~1) is not included.

Alternatively. consider the ray {rom the origin

making an angle of wi!i with the positive real

axis o have been ranslated ane unit to the
right parallel o the reul axis. and one unit down
purallel to the maginary axis,

@ Sketch the required ray. Im(%) A
2
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EXERCISE 3.5

PRACTISE Sketch and describe the region of the complex plane defined by

{z:lz = 3 + 21 = 4}.
2 The region of the complex plane shown below can be described by
Z:

z ~ (a + bi)| = r}. Find the values of @, b and r-

4 Sketch and describe the region of the complex plane defined by
{z:4Re(z) + 3Im(z) = 12}.




CONSOLIDATE

4 The region of the complex plane shown at right
can be described by {z: aRe(z) + blm(z) = 8}.
Determine the values of a and b.

o

i 2| é LilRe(z)

5 /43 Sketch and describe the region of the
complex plane defined by
{Z e+ 3l =1z - 3|}
& Sketch and describe the region of the complex
plane defined by {z: ]z — 1! = |z + 34}.

7 “iEFE} a Two sets of points in the complex planc are defined by S = {z: |¢| = 3}
and 7' = {z: 3Re(z) + 4Im(z) = 12}. Find the coordinates of the points of
intersection between S and 7.

» Two sets of points in the complex plane are defined by 5 = {z:]zl = 4} and
T = {71 4Re(z) — 2Im(z) = k}. Find the values of & for which the line through
T is a tangent to the circle S.

a Two sets of points in the complex plane are defined by S = {z el = \/29} and
T = {z: 3Re(z) — Im(z) = 1}. Find the coordinates of the points of intersection
between S and T

b Two sets of points in the complex plane are defined by § = {z e = 5} and
T = {z:2Re(z) — 3Im(z) = k}. Find the values of k for which the line through
T is a tangent to the circle S.

9 TH) Determine the Cartesion equation and sketch the graph defined by

z: Argz — 2 =2
{ ref ) 6}'

10 Determine the Cartesion equation and sketch the graph defined by

{z L Arg(z + 30) = —E}_
2

11 For each of the following, sketch and find the Cartesian equation of the set, and
describe the region.

[4s]

a {z:]d =3} b {z:l7 =2}
¢ {z:lk+2-3]=2} d{z:jz-3+i=3}
12 Iilustrate each of the following and describe the subset of the complex plane.
a {z:Im(z) = 2} b {z:Re() + 2Im(z) = 4}
¢ {z:3Re() + 2Im(z) = 6} d {z:2Re(z) — Im(z) = 6}

13 Sketch and describe each of the following sets, clearly indicating which
boundaries are included.

a {zile—2 =l -4} b {o: |+ 4il =z - 4[}
¢ {z:lz + 4 = |z ~ 24} d{z:fz+2 =3 =z —2+3il}

14 a Show that the complex equation {z : Irn(Z - 2l> = O} represents a straight line
and find its equation. 3

b Show that the complex equation {z : Re(Z - 2l) = 0} represents a circle and
find its centre and radius.




15 a Find the Cartesian equation of {z: |z — 3| = 2|z + 3]}

b Find the locus of the set of points in the complex plane given by
{z:]e+ 3] =2z + 6]}

¢ LetS={z:]z — 6| =2z = 3i} and T= {z:
S = T, find the values of a, b and r.

d Let {z:]c+ 3] =2z~ 3i} and T= {z: ]z — (a + bi){ = r}. Given that S =T,
state the values of ¢, b and r.

16 Four sets of points in the complex plane are defined by
R={z:Gz-3+4)FZ—-3—4)=25}),5={z:}z~3+4i=5},
T={z:3Re(z) —4Im(z) =25} and U= {z: {7 =lz — 6 + 81}

Find the Cartesian equations of 7 and U and show that T = U.

b Find the Cartesian equations of § and R and show that § = R.

¢ Sketch § and T on one Argand plane and find  : § = R where u € C.

a

Two sets of points in the complex plane are defined by S = {z el = 3} and
T = {z:3Rel(z) + 4Im(z) = 15}. Show that the line T is a tangent to the circle §
and find the coordinates of the point of contact.

7 — (a + bi)| = r}. Given that

ot

17

h Two sets of points in the complex plane are defined by S = {z e = r} and
T = {z: 3Re(z) — 4Im(z) = 10}. Given that the line T is a tangent to the
circle S, find the value of r.

¢ Two sets of points in the complex plane are defined by S = {z ) = 2}
and T = {z: 3Im(z) — 4Re(z) = 8}. Find the coordinates of the points of
intersection between S and 7.

d Two sets of points in the complex plane are defined by § = {z el = 6} and
T = {z: 3Re(z) — 4Im(z) = k}. Find the values of k for which the line through
T is a tangent to the circle S.

18 Sketch and describe the following subsets of the complex plane.

a {z:Arg(Z) = %} ) {z:Arg (z 4 1) = %}
c {ZiAi'g(Z“z):gf} d {z:Arg(z-l—?.——i):——g}

192 LetS = {Z:iZl = 2} and T = {ZIAi'g(Z) = %} Sketch the sets S and T on the
same Argand diagram and find z: 5 =T.

b LetS= {ZI |2l = 3} and 7 = {ZZAl’g(Z) = “%} Sketch the sets S and T on the

same Argand diagram and find z:5 = 7.
¢ Sets of points in the complex plane are defined by S = {zilz+3+1= 5}
and R = {z:Arg(z +3)= —:ZE}
i Find the Cartesian equation of S.
ii Find the Cartesian equation of R.
iti If u € C, find 1 where § = R.

20 a Show that the complex equation |z — a* — |z — bif* = a* + b?, where a and b
are real and b # 0, represents a line.
b Show that the complex equation |z — a* + |z = bi]? = &® + b*, where a and b
are real, represents a circle, and find its centre and radius.

e 2 Wwf; 'l' ' Y ’}_\.-«e
wyé@@%%ﬁ‘ﬁ 0




| ¢ Show that the complex equation 3zz + 6z + 6z + 2 = 0 represents a circle, and
: find its centre and radius.
¢ Consider the complex equation azz + bz + bz + ¢ = 0 where ¢, b and ¢
are real.
i If 52 > ac and a # 0, what does the equation represent?
iiIfa = 0and b # 0, what does the equation represent?
e Show that the complex equation zz + (3 + 2z + (3 — 2)z + 4 = 0 represents
a circle, and find its centre and radius.
f Consider the complex equation azz + bz + bZ + ¢ = 0 where a and ¢ are real
and b = a + fBiis complex. Show that the equation represents a circle provided
bb > ac and a # 0, and determine the circle’s centre and radius.

MASTER

21 a Show that the complex equation {z : Im(Z - i;) = 0} where a and b are real
Z —
represents a straight line if ab # 0.
- ai

b Show that the complex equation §z: Re( ) = O} where a and b are real

z—2Db
represents a circle if ab # 0. State the circle’s centre and radius.

22 Given that ¢ = a + bi where g and b are real:

a show that the complex equation (z ~ ¢) (Z — ¢) = r? represents a circle, and
find its centre and radius

b show that the complex equation |z — ¢| = 2
centre and radius.

oois of co ex numbers

Square roofs of complex numbers

If 2 = x + yi = rcis(#), the complex number z can be found using two different
methods: either a rectangular method or a polar method.

z — ¢| represents a circle, and find its

Square roofs of complex numbers using rectangular form

/ WORKED If 22 = 2 + 2"/3i, find the complex number z using a rectangular method.
EXAMPLE® .
THINK WRITE
1 Expand and replace i* with ~1. Let 2= « + bi where a,b € R,
2=+ 2abi + 0
. =g — b+ 2abi
' 2 Equate the real and imaginary parts. =gt — b7k 2abi
=24 2V3E
From the real part: ¢ — b =2 (1)
From the imaginary part: 2ab = 2V3 (2)
3 Solve for b and substitute into (1). From (2 b = = Substitute into (1)
a’ - j; =2
a
4 Multiply by &*. at -3 =2a°
! 02 2
@t =20 =3=0




50 7° +8z+25 is one factor

quartic s (zl +4) (22 +8:+25)m G,
expanding, using CAS

=z +82° +2927 £ 3224100

=0

26 a —4i, 1+2, -3

since P{~4i)= 0 = z° +16 is one factor
a=1+2% f=1-2
o+fp=2
ofi=1-4i"=35
50z° ~ 2745 is a factor
z=-3s0 (z+3) is a factor

quartic is (z+3) (z‘ -%16](-:'2 —2:+5)£0,

expandmﬂr using CAS
=2+ 41527 + 3127 - 162 + 240
b 5, 3~5i, 2
since P(5)= 0= z* + 25 is one factor
@=3-5i," B=3+5i
o+ f=6
of=9-25"=34
50 77 — 6z + 34 is a factor
z=23%0 {z~2)}is a factor

quartic is (z—2) (zl + 25)(:1 —Bz 34) =0,

expanding, using CAS
2 -8zt 47127 - 26827 +11502-1700
0

EXERCISE 3.5 — Subsets of the complex plane:

circles, lines and rays
1i{z-3+2=4

2

Letz=x+iy
|(x-3)+(y+2)i =4
(x=3F +(y+2V =4
(x-3) +(y-£-2)2 =16

A circle centre (3,-2) radius 4

Cenire of the circle is at {3,~3), radius is 3.
li—d=r c=3-3r=3
[:—(a-l—bi)!r«_r
a=3b=3r=3
Let z=x+iy
Re(z)=x,Im(z)=y
4Re(z)+3Im(z)=12

dx+3y=12
Crossesreal axis y=0 x=3 (3,0)
Imagaxisx=0 y=4 (0,4)

TOPIC 3 Complex numbers e EXERCISE 3.5 | 105

4 line y=mx+c

m=2 c¢=4
=4dx+c¢
Im{z)=2 Re(z)+4
—2Re(z)+2tm(z)=
a=—4 b=2

5 {243]=|2-3

Let z=x+iy
1.1;+ (v+3 r]—|(x—3)+!'\']

\/1 +( \’+3 \/(x— Py

Square both sides and expand

iy 6y +9=x2=6x494 1"

6y=—0x
Y=y
Set of points, equxdzslarzt from (0,-3) to (3,0}
Im(w
3_

)
2.
-3
6 jz—i=]z+3]
Let z=x+ly

[x+(y=1)i| =|x+(y+3)i

\/,\'2 +{y=1) = \/x2 +{y+3)
Square both sides and expand
Py -2y+lext eyt 4 6y49
Gy+2y=-9+1
§y=-8
y= -1
Set of points equidistant from (0,1) to (0,-3)
Im(z) }

3]
2

e

DR RTS
2y
7 a $:(zde=3)
T:(: 3Re(z)+4Im(z)=12)
S:xtey’ =9 (1)
T:3x+4y=132 (2)
(2} 4y=12-3x

12

inte {1)

Yo
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106 | TOPIC 3 Complex numbers « EXERCISE 3.5

133\
X -I-(id 3") =9
S

2+(12—3.\-)2
16

1637 + 144 =726 £ 9% =9 %16
2557 —72x=0
x{25x=72)=0

=9

7
=x=0 or X 3%
if x=0 =y=3

2y 2
if 1:7—'_' =>v=l(12—3/<z»}}=“—1
25 o4 25) 25
72 21
035 %)

b 5:(z:z=4)
T:(z:4Re(z)-2lm(z}=k)
S:xi+yt=16 {1
T:4x-2y=k (2)

y= %(4_1' -k} into (1)

'+(%(4x—k})2=

P )
x? (1667 =Bk + & )=16
4x? +16x% - 8xk + k* = 64
2022~ Sk + (£ — 64} =0
For one solution A=0
=20 b=-8k c=k'-64
B —dac=0
64k% —4x 20(k* —64)= 0
k*—640=0
k=435
8 a S:(::I:E=\/-?3)
T:(z:3Re(z)-Im(z)=1)
S:xi+vi=29 (1)
T:3x—y=1 (2)
=3x~1 into (I}
P 4(3x=17=29
0 —6x+1=29
102" —6x-28=0

577 -3x—-14=0
(5x+NDx-2)=0
x=2 or wz
5
If x=2=y=06~1=3
”
X —— 3)(-1—[:—:'-6"
5
726
2,5) |-z ~=
s (3-%)

b §:(z:|7=35)
T:(z:2Re(z)-3Im(z)=k)
S:x*+y* =25 (1
T:2x-3y=k (2)

- %(gx_k) into (1)

x° +(;(7\—k))2=25

;(4\. — 4ok + k) =25
9x? +(4h —doke + &7 ) 225
1327 —4xk+ k2= 225=0

For one solution A=10

a=13 b=-4k c=k’-225
b —dac=0
16k* ~45x13(k* -225)=0
1170036k =0
-36{k*-325)=0
k% =325
k=513

0
. . T
Ray starts from the point {2,0} making an angle of % with the
positive real axis

s
Arg(z—2)y=-
rg(z—2) z

9 (;:Arg(;—g)=£)

bis
Arg{x+yi-2)= %

Arg({x—2)+yi)= %

_ ¥ s
tan i( - )=—,£01'x>2
x—-2/ 6

w;v——tan(zri)—L forx>2
x—2 6) 37T
fy (x-2), forx>2
Imiz) A
3_
. 2_ %
1 &

10 (z:Arg(z«k?Ji):—E)

Ray starts from the point (0,—3) making an angle of —E with
the positive real axis
Cartesian equation
x=0fory<-3
Tm(z) )

‘4

11 a (z:g=3), let z=x+iy
lx+t‘y|=

Jx +y2 =3

Pyr=9
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Circle centre origin (0,0} radius 3
Imi(z) A

- .2 —i 0 yRc(z)

AT T

Y
¢ (z:]z+2-31=2)
let z=x+iy

Hx+2)+i{y-3)=2
Ja+2y +(y-3) =4

(x+2)7 +{y~3) =4
Circle centre origin(—2,3), radius 2
Tm(z})

i iRc(’;}

d (z:]z-341=3)
let p=x+1v
lx=3+(y+1)i
(x=3)° +(y+i)l
(x=3)7 +{y+1) =
Cirele centre origin (3,—1) radius 3
Im(z) A

3
3
9

=Xx+iy Re(z)=x. Im(z)=y¥

13

b

L

d

a

TOPIC 3 Complex numbers « EXERCISE 3.5 | 107

fm(z)

3

a

o

1+
3410 13 3Reld)

(z:Re(z)+2Im(z)=4)

z=x+iy Relg)=x, Im(zi=y

x+2y=4

crosses imaginary axis x=0, y=2 (0,2)

crosses reat axis y=0, x=4 (4,0)
Imi(z)}

§_\

50123 43R

P I8

-3

(z:3Re{z)+2Im(z)=6)

let z=x+iv Re(z)=x. Im(z)=y
3x+2y=6 Dbelow the line

crosses imaginary axis x=0, y=3 (0.3)
crossesveal axis y=0, x=2 {2,0)

im{i
3

(2:2Re(z)-Im(z)=6)
letz=x+iy Re{z}=x. Im(z}=y
2x—-y=6,
crosses imaginary axis x=0. y=-6 (0,-6)
crosses real axis y=0, x=3 (30)

Tméz) A

(z21z- 2 =124
let z=x-+1v
I(.Y—?.)+i)'l =|(x——4}+1'yl
\[(xml)z + ¥ "—"\/(x—zijz +9°
B odydeyi=yt —8x+16+3"
4x=12
x=3
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imiz)

3

i

- iIU 12} dre(n
o
Y

b (z:]z+di=]z=4)
let z=x+iy
et (v+4) iE:[(t—4)-€-i\,{
\j\ +{ v+-!- \](1—4) v

% +_v +8y+16=2x> —8.\+16+y‘

Sx-+8y=0
y=-x
Im(o)
3..-
9.1
3TN ret
3
-3

¢ (z:jz+di=|z-21}
let z=x+iy
(x+ )i =[x+ (y-2)i

\/(x+4}2 $y = \/.1‘2 +(y—2)2

.1L'2-§-8.‘c+16~§*y2 =.\'2+y3—4y+4
Sx+4y=-12
Ix+y=-3

crosses imaginary axis x=0 y=-3 (0,-3)

. 3 3
crosses real axis y=0 x=—— (——,0
2 2
Im{z) &
3_
2]
[_
:é—é_\% 12 3Re(n)
-3
3
d {z:|z+2-3=|z-2+3]}
let z=xiiv

[(\'+7)+ y—3) ‘|~|(r—-9}+(v+3)'i

)

\/(\+”) +(y=3) \/(1 2F +(y+3)

W rdxrd v —6y49= 1 —dx 44437 £6y+0

8x—12y=0
2x-3y=0
Im(z) '

i T 3 1]
3-2 1 2 3Re()

14 Consider <

Let z=x+iy

=.t-i-(y»«2)i (x=3)-iy
{(x~3)+yi (x=3)~iv
L(‘{ 3-y(y-2)F +((y~2)(x=3)-2y)i
(x=3)

B =34yt 2y (v —2x =3y —xy+6)i

(x=3Y +y

=2
a Im( )=O
-3

= -2y-3y+6=0
3y=-2x+6

=42 Jine
TR

-2
b Re(” JRO
3

= 7 —3x~3—y2 -3y=0

{xz—3x+%}+(}’1—2)’+i}=§+1

)

3V /. 9
(,\'——5) +(y —2y+l]=z+1
3y 2 13
(.'PEJ H=ty=

circle centre (%IJ radius @

15 a fz-3=2]z+3i

[(x=3)+h] =2 +(y+3)]

\/(.1'—3)2 +y° =2\/.vc2 +(y+3)°
(x=3) 4+ y* = 4(x1+(y+3)2)
x* —6.\'+9+y2 =4t +4y" +24y436
3t 463y 4 24y =36
2+ +8y=-9
A2 AT+ HBy+16=-9+ 1 +16
(x+172+(y+4) =38
Circle centre (—1,~4)

Radius /8 =242
b lz+3 =2z +6i
[(x+3)+if =2|x +{y+6){
JE3)7 4y =207 4 (y+6)?
(.1'+3)2+y2=4(x?’+(y+6)2)
X A6x 494y  =dx? +dy’ +48y+144
3.1‘2——6):+3y2+48y=—135
.r3—2.t+y2+16y=—45
= 2x 14+ +16y+64 = —45+ 1 +64
(x-1)2+(y+8}2r:20
circle centre (1,-8)  radius 20 =25
¢ |26 =2]c -3
[(.\7—6)+iy|"—“2|x+(y-—3)f|
V=673 =2x +(y-3)
(e= 6 +37 =4(x* + (y-3))
% —12.‘{-1—36'4—_3?2 = 4x” 4y’ - 24y + 36
3P +12x43y7 =24y =0
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16 a T

W rdx+y~8y=0
P tdyedt+y? -8y +16=4+16
(r+2° +(y-4Y' =20
circle centre {-2,4)  radius J30 =245
ci1‘cieT:|:—(a+br‘)|mr
g2 b=4r=25
S:jz+3=2z-34
(o 3)+ 0] = 2w+ (v -3}
\/(x+3)3~i«v1=7\/t2+(v 3y
(x 37+ —4(1 +(y-3 )")
,1"-1-6.\‘+9+y'=4x‘+4y —24y+36
3_\'3w6x+3y2——24y=—2
xP=2x+yt-8y=-9
¥ o2+l -8y +16=-9+1+16
(x~1P +(y—4Y =8
circle centre (1.4)  radius /8 = 22
circle T: |z —(a+bi) = #
a=1b=4,r=242
={z:3Re{z)~4Im{z))=2
Let z=x+iy
T:3x~4y=25
Uiz =z~ 6+8i)
x+rv|—!(x— )+ (v +8)if
\ +v \/{x— v+8
P =t 1251364y 416y +64
12x—[6y=100
3x—4y=125
S=(z:)|z-3+4i=5
(x~3)+(y+4)]=5
(x-3F +(y+4) =5
(x=3) +(v+4) =25
circle centre (3,~4) radius 5
=(z:(z-3+4)(T-3-4i)=25)
Let c=3-4i ©=3+4 c¢F=9-16i"=25

. - 2 2
~iy Z=xT+y

so T=U

=Xy F=x
50 (z—c)T—~0)=23

T~ -cztet =
syt - (3-4)(x—iv) -3+ 4D)(x +iy)=25
R ¥ - (3_\' —dix 3y -+ 41‘13!)

~(3 ok dix + iy +4yit) =25
25= 47 +v —-6x+8y
25=x% = 6x+9+ ¥ +8y+16
25=(x =3 w(y+4)
circle centre (3,-—4) radius 3
so §=R
Tidy=3x-25

vi=

-2
2 o SR

s (3x-4 Y
X=3F+ +4
(x=3) ( : ]

2 v - 254 2
(_\,m3)~+{3.\ 4:)-5 16)

(x=3)+ ( 3': ? }2

25

B

Il
b
Lh

25

TOPIC 3 Complex numbers e EXERCISE 3.5 1 109

3 -
(\—3)”+(—-(.\‘—3)J =125
4
n ’ 9
-3y ]+—)=25
(x )( 16
25{.\—3':25
16
(x-3Y =16
v—3=44
y=7 or x=-}
21-2
when x=7, y="1 ’5~_»_1
4
=7~
_3_725
when y=-1, y= 3 "D=_7
4
w=—1="7i
Imiz)
1_
T T |T\‘\ T /‘f
249N 2 3 45 63 BRelz)
.
3]
-4 S=R
5]
__(J-
-8
r=U -9
17 a $:|4=3 I=x+iy
.r2+_\’2&9 (1)
T:3Re(z)+4Im(z)=15
Ix+dy=15 (2}
_—31+15
( —3x+15

)
(?(5—”)2

16 +9(”5—-le +x )-144
527 —00x~81=0

(5x-9) =0
- 9
9 15-3x5 45 [9 12)
r=o=ys ———==— ——=
5 7 4 5 5 5
b 8 I o= =Xy
By —.'3 (1
T:3Re(z)+4Im(z)=10
3x—4dy=10 {(2)
¥ =10 (2} into (1}
4
= (3.\'—10)- 3
v+ =7
.4

xt 56(9,\-3 =60 +100)= r*

1657 +9x% —60x+100 = 167
255% = 603 +(100-16/")=0
For one solution A=0
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110 | TOPIC 3 Complex numbears « EXERCISE 3.5

(60) —4x25{100~16r"}=0
3600-100(100-16r")=0
3600 -10000+1600% =0

1600(r* —4)=0

4
&

¢ S:fd=2
|lx+i =2
x° +y: =rd (1}
7T:3Im()~4Re(z)=8

Jy—dx=8§ (2
4x+8

y= (2} into (1)

3
) [4 8)
Y B
3

¥ +(%(x+2)] =

q

¢~ (x+") =4

ox* +16(.\:+2}' =36
9x” +l6(.\'3+4x+4)=~=36
2557 4 64x+28=0
(Sx+1d)}(x+2)=0
x=-2 or —iﬁ
25
When x=-2y=0 (-2,0)

14 4—"“?§+8 48 [ 14 48)
2525
d S:jz=6
4y =36 3]
T:3Re(z)+4Im(g)=k
Sx—dy=k (2}
Jx-k

y= ---——--4 (2) into ([)

x1+(3"'”‘)_ =16
4

1627 +9x% ~ 6k + k> = 576
2517 -6k +(k* - 576)=
For one solution A=0
(6k)* —4x25(k* - 576)=0
364k% — 10047 +5760 =0
64k 45760 =0
~64(£*~90)=0
r=%30

T
18 a | z: Argl: =—)
( ) 6

If z=xiy

Arg(z)= tan™! (z)=£, forx>0
X 6

=
==tan| —
X 6

x
y=-u= for x>0

v3

c (;:;Ax;,( 2) 3”)

d (::Arg(z-i—l-—i):w%J

Ray from origin (not included) making an angle of 30°
with the real axis
Tm(z)

.:3_ -

b[ CArg(z+i)= ﬁ)

( ]mf forx>0
4

o=l
——=tan
4

x—1
Ray from the poim (0,~1) {(not included) making an angle
of 45° with the real axis
iz,

— b

Arg(z)= tan“( A ):3—E
x-2 4

L= tan(%):—l
x=2 4

y= —(x 2)

y=2—x, for x<2
Ray from the point (2,0) (not included) making an angle
of 135° with the real axis

Tm{z) ]
) e
14 =
4
3.2 10_ 3Re(z)
e
”_3_f

Ray from the point (--2,1) {not included) making an angle :

of —90° with the real axis, it is x =-2, fory<l
Im@) A -

3_

7.

]_

T T 3T >
-3-2-100 12 3Re(
=2 ey,

_3.}
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19 a §=(z:14=2)

C

T:(z:Arg(:-.):%)

Cartesian equation of S is x* +y* =4
Cartesian equation of Tis y=x

S = T when
Hxt=d
2x7 =4
=2
x=-2asx>0

When \—J— v—\/—

§=(z:4d=3)

=[::Arg(:)=——})

Cartesian equation of 5 is X+ ),a =9
Cartesian equation of Tis y=—x

S = T when
Pt =0
237 =9

» 9

T ==

2

3

J2
x=»»-;—ﬂsx>0

33 33

When xEeo— yE—

)

i S=(z:lz+3+i=9)
letz=x+iy
{x+3)+(y+1)]=5
(x+3P +(y+1F =25
circle centre {—3,-1) radins 3

i R=[z:AJ'g(Z“*’3)m_§f“)

Ray starting from the point {(~3,0) making an angie of
—135° with the real axis

tam_i(—"'——)z.m:l'_j'r
X3 4
— =1

y ( 3]1-)
an| —— |=1
x+3 4

y=x+3 for x<-3

TOPIC 3 Complex numbers « EXERCISE 3.5 | 111

iii S=R
’+(y~i—l)2=25
2yt +2y+1=25
2y7 +2y-24=0
2(y*+y-12)=0
2(y+4)(y-3)=0
Hye—-d4=x=-7 (-7,~4) w==T-4
=3= x=6 notincluded atx <3
20 a lz-d’—lz-bi*=a®+b*  bx0abeR
s=x-kiy
;(x—-a}-H'yE {H—(v—br) =at+b°
{x—a)z-i-\r”—-(_\:'ﬂv—b) )= a* 4+ b’
O =2ax+at 4y (x -(v _’>bv+b"))-"a + b
=2ax+2by= 2b°

bv=ax+h

a .
y=—x+b line
b

b |z-d +iz-bi* = a® +b* ambeR

=x+iy
(emaeaft e (=) =40
(-\‘—H)Zﬂ’:“’“(-"z+{.\’—b)2)=a3+bl
s -daxva’ wy x4y by bY = at+ b
—by=0

B at+b’
x” —ax+—+)' —by+—=
4 4

( a)z ( br a”+b”
x—=| +y-=1| =
2 2 1

2

2 2
XT—axy

..

a b .
circle centre P radius

¢ 3T+6246T+2=0
Lct z=x+iy
= l—rV
F=xtey
3T +6z+654+2=0
3(.1‘2-%-)'2)+6(.\'+i)=)+6(x—iy)+2=0
357 4 3y% + 63+ iy + 62 —Hiy+2=0
3+ 1243y =2
3(at+dx)+3y =2
3 +dx 4 4]+ 3y =212
3ax+2Y +3y° =10

(x+2)+¥ 2 10

3
. . 10
circle centre (2,0} radius |J—=
ol

X5
d i aT+bi+br+c=0
Let '=.\+z'v
_ —zy

&

:’-.=.\ ‘l'\’

Maihs Quest 12 Specialist Mathematics VCE Units 3 and 4 Soluiions Manual




112 | TORIC 3 Complex numbers « EXERCISE 3.5

3T 66T +e=0
a(xz + yl)-!- bx+iv)+b(x—iy)+e=0
ax® ayt 4 b+ biy+ by —bivee=0
2 2
ax” 4 2bv e ay” =—c
2 2B 2 :
| X" =y d— | Fay s —

[ ar a

2 2

by 5 b —ac
al x+= ] +av* =
@

bY . br-ac
X+— Fy = o
a a-

circle centre (—2,0) radius
a a

b ac
az0
il Ifa=0 bz+bZ+c=0

b{x+iv)+b(x—iy)+c=0

2hx+e=0

.\.‘m—i line b= 0

4

¢ Z+(3+2)z+(3-20)T+d=0

Let z=x+iy
Fex—iy
_ -
I=X" Yy

Xy (320 (x +iv)+(3-20)(x+iy)+4=0
Xy wwmh+m»@'mu+M+4o
Ay 3x 4 2iv 4 3y £ 240 v-i—31—”n-3rv+ 2y +4=0
x° +6.\+9+y mdybd=cd b d 9
(x+3P+{y-27 =9
circle centre (-3,2) radius 3
£ aF+bz+0bz+c=0, aceR b=o+if
Let z=x+iy ZT=x-iy
O—a(.t + y* )+((x—iﬁ)(x+iy)+(a+iﬁ)(x—iy]+c
0= ax® +ay’ +ox-— Biv+oiy— Pvi’ +ox + fix—eiv— Byi* +¢
—c=ax® + 2o +ayt + 2By

o0 o v B o B
({x2+—~—.\'+——,,—)+a(v +-—E—\+ﬁ —c+—+ﬁ—

[4] a” a” a 1]
H(Hw) H,[ ﬁ) I .
4] 13 a
(x_}_g)"{_(‘”_é} o+ ~ac
43 a [4]
(.x+g-}_+(y+ﬁJ o +f —ac
£ a a
bb —ac
2
[4]
b=o+if b=a-if bh=o’+5"
b —ac

. o .
circle centre (— —— E radius
a

provided bb > ac,
axl
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- ¢il

21 Consider ab#0

Let z=x+iy
_x+(y-a)i (wa)—!v
T (x—b)+yi (x—b)-wr_v
x(:c—b)—y(y—a)iz+((y—a)(.\'—b)—.1‘}’)i
- (x-bY —i%y*
s(x=b)=ply=a)+((y-a)x=b}= )i
- (x=bY+y*
alm(z_ai]=0

z—-b
=(y-afx-b)-xy=
xy—ax—by+ab-xy={}

ab=ax 4 by
by=—-ax+ab
_s!:——g—x-ka ab 0 line

b Re(”‘"}:@
z~b

=x(x~-M)+y(y-a)=0

el b2 2 (u'2 (Tz‘i‘bl
X" =bxt—+y —ayt—=
4 4 4
( b)z ( a)z @t + b
X=—1i 4| ¥v—~— =
3 T2 4
b oa . Nat+b?
circle centre | =, radius
272 2
22 Let z=x-kiy I=x~-iy neel
c= a+bi c=a~bi a,beR
—_ il i
Twmxt +y cc=a +b"
a r'u _—c~—cg+cﬁ"

=2ty —(a+bi)(x—iv)~(a—bi){x +iy)+a® +b
= + ¥ —-(m + bix —azywbig)—(ax—br’x—‘ar‘_v—byia)+a2 +5°
Pt e2ax+at ey - 2by+ b0

=(x-a) +(y=bJ
circle centre (a,b)  radius r

b |z=d=2lz-7]
[(x—a)%—(y—b i|22i(x-a)—-(y+b)i|

\/(x—-a)z-l-(y— 2\/(1 a¥ + V+b)
(x—a) +(_v—b)2 :4({x»«~a)’ -I-(y+b)')

3x—aP +4(y+bY ~(y~b) =0
3(x—al +4y +8by+4b’ — (! -2by+ b ) 0
3(x—a) +3)° +10by+30% =0

(x—a) +y2 +%by+ b =0

2

{x—a)l-i-(y1+?by}:—b'

{.\‘—a}zq' ()1 "59[7 )

el o =1

. -5b . 4b
circle centse G,T radivs ?
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